Dust barriers effectively capture the photon momentum of a central light source, but low-density channels, along with re-emission at longer wavelengths, enhance its escape. We use Monte Carlo simulations to study the effects of inhomogeneity on radiation forces imparted to a dust envelope around a central star. We survey the strength and scale of an inhomogeneous perturbation field, as well as the optical depth of its spherical reference state, at moderate numerical resolution, relying on our previous resolution study for calibration of the associated error. Inhomogeneities matter most when their scale exceeds the characteristic mean free path. As expected, they tend to reduce the net radiation force and extend its range; however there is significant variance among realizations. Within our models, force integrals correlate with emergent spectral energy distribution.
INTRODUCTION
Radiation pressure forces are suggested to play a key role in several contexts where massive stars interact with interstellar matter. The capture of photon momentum by dust grains is responsible for superwind mass loss from asymptotic giant branch stars (Bowen and Willson 1991) , poses a formidable barrier to massive star formation (Wolfire and Cassinelli 1987) , and may be influential in the removal of matter during massive star cluster formation and the disruption of molecular clouds (Fall et al. 2010; Murray et al. 2010 ). The effect of radiation forces on H II regions (Krumholz and Matzner 2009; Draine 2011; Yeh and Matzner 2012) has been cited as a crucial precondition for the successful deposition of supernova energy on galactic scales (Hopkins et al. 2014) , and radiation has been directly implicated in disk support (Thompson et al. 2005; Thompson 2009 ) and galactic winds (Zhang and Thompson 2012; Faucher-Giguère and Quataert 2012) driven by starbursts or AGN. At the same time, there are many counterexamples in which radiation forces are found to be weak, especially in star cluster for-E-mail: jumper@astro.utoronto.ca (PHJ) mation and molecular cloud disruption (Dale et al. 2005; Pellegrini et al. 2011; Matzner and Jumper 2015) .
We wish to delineate the influence of radiation pressure forces, but we must be mindful of several complications. First, the opacity of dust grains is strongly wavelength dependent, allowing luminosity to escape a region more easily once it is absorbed and re-radiated by grains. Second, conclusions can depend on the choice of numerical method, as studies of super-Eddington galaxy disks (Krumholz and Thompson 2013; Davis et al. 2014 ) and radiation-dominated accretion disks (Hirose et al. 2009; Jiang et al. 2013 ) demonstrate. Lastly, most dusty environments are anisotropic or inhomogeneous, easing the escape of luminosity through channels of low optical depth; this is a critical feature of massive star formation models (Yorke and Sonnhalter 2002; Krumholz et al. 2005 ).
We addressed the first two complications in a previous paper (Jumper and Matzner 2017, hereafter JM17) , in which we used Hyperion Monte Carlo simulations (Robitaille 2011) of dust transfer through spherically symmetrical envelopes and surveyed physical and numerical parameters while comparing to a separate method (DUSTY: Ivezic et al. 1999 ). Monte Carlo radiative transfer solutions are formally exact in the limit of very high resolution and numbers of photon 'packets'. We found that poor resolution of the mean free path introduces a predictable error, but that the radiation forces in various optical depth regimes are understandable in terms of direct, scattered, and re-emitted radiation.
In this work, we extend these models with the introduction of inhomogeneities that break the spherical symmetry of the problem and explore their influence on the radiation force and its distribution.
PHYSICAL PROBLEM AND IMPLEMENTATION

Parent Dust Envelopes
Our analysis involves modifying a centrally-illuminated, spherically symmetric dust dust envelope, which we call the "parent envelope", with a clumpy "contrast field". For the parent envelopes we adopt the truncated powerlaw dust profiles we analyzed previously (JM17). These consist of a dust density satisfying ρ ∝ r −1.5 from an inner radius r in to an outer radius of 4 r in . Dust opacity follows the Draine (2003) model of carbonaceous silicates, although we simplify the scattering processes to be isotropic. The governing parameters for radiation transfer through the parent envelope are:
-T * , the colour temperature of the central light source, set to 5772 K; -The density power law and ratio of outer to inner radii, set to −1.5 and 4, respectively;
-the innermost dust temperature T in , set to 1500 K; and -the optical depth to starlight, τ * , for which we consider values of 10 −1 to 10 1.5 in half-decade increments.
These parameters suffice to determine the flux at r in , as listed in in Table 1 . The inner radius r in itself depends on the central luminosity L * , which we arbitrarily set to L . The inner dust density is determined by r in and τ * .
Contrast Fields
Our inhomogeneous dust envelopes are created by multiplying the parent envelope by a log-Gaussian contrast field with a definite power law spectral index. This procedure is detailed in Appendix A. It starts with one of six definite random seeds to specify realizations named "Case A" through "Case F"; uses this to generate amplitudes and phases for a Gaussian random field; specifies mode amplitudes according to a power law spectrum (∝ k β for −2 ≤ β ≤ −1 in increments of 0.25). The field is then multiplied by an amplitude factor (0 ≤ q ≤ 1 in steps of 0.2). This yields a trial contrast field which is multiplied by the parent envelope density. Finally, ρ(r) and its contrast field P are obtained by renormalizing the result to preserve the mass and mean optical depth of the parent envelope.
Models are parameterized by τ * , the random seed, the spectral slope β, and the strength of the contrast field. Rather than use our input parameter q, we prefer the 'clumping factor' P 2 / P 2 as a measure of its strength.
A feature of our approach is that the random seed sets the initial phases of the modes that enter P, while the spectral slope β determines their relative amplitudes. Therefore, each case (A through F) generates smooth distributions of any force parameter as q or β is changed continuously.
Numerical Implementation
We initialize the parent envelopes in the Monte Carlo radiative transfer code Hyperion (Robitaille 2011) at fixed 128 3 resolution, using a total of 6.4 × 10 7 photon packets, for an average of ≈ 30.5 photon packets per cell. As described in JM17, we modified Hyperion to directly calculate the specific radiation force (radiation pressure force per unit mass). Following from the method of Lucy (1999) , each given photon packet is assigned a target optical depth to propagate to before an interaction may occur to alter its path, either by scattering or by absorption and re-emission. During this process, two forms of energy deposition occur: continuous absorption during the propagation along the entire path to the point of interaction, and a localized transfer of momentum at this point based on the difference in energy and velocity (including direction) between the incident photon and the scattered or re-emitted photon that emerges. The resulting transfers were calculated in terms of the radiation's "specific force", or the force exerted per unit mass (an acceleration). Integrating the specific force with the properties of the envelope summarizes the force-capturing in the envelope in terms of a group of parameters, as discussed in §2.4.
Our analysis from JM17 allows us to calibrate the degree to which results quoted here will be affected by the finite resolution of our runs. Comparing Hyperion runs of varying Cartesian resolution against converged spherical solutions from DUSTY (Ivezic et al. 1999) , we found there that the force will be underestimated at 128 3 resolution, but by less than 1% for τ * < 5.5, increasing to a few percent for τ * ∼ 10 2 . These errors are partly due to an under-representation of the inner dust temperature in cases where the starlight mean free path is unresolved. We do not know how the error depends on inhomogeneity of the dust distribution, but we have no reason to think it should be sensitive. The force error is quite small compared to the change in force due to clumping, as we shall see in §3.2.
Force Parameters
In JM17 we introduced three integral quantities to measures forces: Φ, the ratio of the total applied outward radiation force F rad to the photon force of the stellar luminosity; r F , the force-averaged radius; and R, the radiation term in the virial theorem. These remain useful for inhomogeneous distributions of dust and luminosity, but we must be careful to adopt the correct origin for the radial vector r that appears in their definitions. In Appendix B we demonstrate that the centre of mass (CM) is the correct origin for the definition of R, and therefore we define
and
wherer = r/|r| is the radial unit vector, and r is measured relative to the CM, i.e., r cm = 0. We identify the CM by assuming a constant dust-to-gas ratio. We also define dimensionless versions of the latter parameters:
Note that Φ and R will be positive when the radiation force points away from the CM, i.e. when the cloud is illuminated from within, and will tend to be negative when it is illuminated from without. Note also that only radial forces enter these integrals. Tangential forces can affect the motion of the CM (see Appendix B), and can contribute indirectly to the virial theorem for internal cloud motions by enhancing its internal kinetic energy.
RESULTS AND DISCUSSION
In our parameter survey, we vary the properties of the dust envelopes for six random seeds, seven optical depths (τ * = 10 −1 to 10 2.0 ), five spectral indices β, and six amplitude parameters q. This amounts to 1260 combinations, although as all q = 0 combinations reduce to the parent envelope, there are only 1057 unique physical problems. In §3.1 we provide examples of envelopes within our parameter space as well as the force, specific force, and temperature within each model. In §3.2 we characterize the scaling of the force-capturing parameters with envelope optical depths and anisotropies. We connect the force parameters to the emergent spectral energy distribution in §3.3.
Envelope Visualization: Anisotropy Variation and Radiative Capture
We illustrate the patterns generated by Cases A-F in Figure  1 , showing each case for constant values of τ * = 10, β = −2.0, and q = 1.0. We then take one of these cases, Case B, and demonstrate how the contrast factor changes as the other parameters are varied: β and q in Figures 2 and 3 respectively. The former illustrates the variation of the spatial extent of the clump structure with β, with the clump sizes growing as β becomes more negative. The latter varies the amplitude parameter q, making the clumps and pores more (larger q) or less (smaller q) intense while preserving their locations.
In the limiting case of q = 0, P = 1 at all points and the parent envelope is obtained. We conducted a Monte Carlo model, using Hyperion, to solve the radiative transfer for each dust envelope in Figure 1 . Slices of the log 10 of the contrast field P through the center of the dust envelope in the yz-plane for the realizations of the six random seeds, labeled Cases A-F, for constant values of τ * = 10.0, β = −2.00, and q = 1.0. Figure 2 . Slices of the log 10 of the contrast field P through the center of the dust envelope in the yz-plane for the random seed used in Case B of Figure 1 , holding τ * = 10.0 and q = 1.0 constant and varying β. Additionally, the unperturbed parent envelope (with P = 1 everywhere) is included in the upper-left panel of the figure for reference. As β grows more negative, the spatial extent of the clumps and pores grows as well.
our survey, obtaining the specific forces and temperatures in each cell. These forces were then used to calculate the force-capturing parameters (Φ, r F , and R) and their dimensionless forms. We also illustrate the force, specific force, and temperatures, shown in Figures 4, 5, 6, calculated for slices of constant τ * = 10, β = −2.0, and q = 1.0, varied over the different seeds, to provide an example of their realizations. Relating the forces seen in these figures to the clumping P shown in Figure 1 , we observe that the total force captured per cell strongly correlates with highly overdense or 'clumped' (large P) regions (Figure 4 ), while the Figure 3 . Slices of the log 10 of the contrast field P through the center of the dust envelope in the yz-plane for the random seed used in Case B of Figure 1 , holding τ * = 10.0 and β = −2.00 constant and varying q. The unperturbed parent envelope (with P = 1 everywhere) coincides with the q = 0 case. As q grows, the envelopes' clumps become denser and pores become rarer, both while preserving their positions.
specific force (acceleration) in the cells tracks with strongly underdense or 'porous' (P << 1) regions instead ( Figure 5 ). Although our models are static, this suggests that in a dynamical model the radiation forces would act to intensify the existing density contrasts, as the material in lower-density porous regions will accelerated more strongly and preferentially driven away. In addition, we find that the temperature, calculated as a function of the dust's specific energy absorption rate, also is higher in the porous region and lower in both highly clumpy regions and the shadowed regions exterior to them ( Figure 6 ).
We note that Figures 4 and 5 indicate that some regions, particularly where there is heavy shadowing from prominent clumps to the interior, received no photon packets (and thus no forces). While running the model with a larger number of photon packets may have allowed packets to reach these regions, the fact that they received none of the 6.4 × 10 7 photon packets used in the model (representing an average of about 30.5 packets/cell for the 128 3 box) suggests that the contributions of these regions to the overall solution is negligible. This absence is not seen in Figure 6 , where the Hyperion temperature function has a floor of 0.1 K.
Influence of Inhomogeneities on the Radiation Force
We now present our results on the influence of inhomogeneities on the capture of radiative forces, as summarized in the parameters' dimensionless forms: Φ, r F , andR . We begin with Figures 7, 8, 9 , which plot the variation of our parameters against a "clumping factor", P 2 / P 2 (right panels), and relate these to the variation with τ * in the parent envelopes (left panels). The curves on the left panels are computed with another code, DUSTY, as described in Figure 4 . Slices of the log 10 of the force exerted on the dust in units of g cm s −2 , F, through the center of the dust envelope in the yz-plane for the realizations of the six random seeds, Cases A-F, as introduced in Figure 1 holding τ * = 10.0, β = −2.00, and q = 1.0 constant. Some regions were heavily shielded by clumps and received no photons. Figure 5 . Slices of the log 10 of the specific force (acceleration) exerted on the dust in units of cm s −2 , F, through the center of the dust envelope in the yz-plane for the realizations of the six random seeds , Cases A-F, as introduced in Figure 1 holding τ * = 10.0, β = −2.00, and q = 1.0 constant. Some regions were heavily shielded by clumps and received no photons.
JM17. Our clumping factor is analogous to the definition by Owocki and Sundqvist (2018) .
Insofar as converged DUSTY results align with the high-resolution limit of Hyperion runs (a result from JM17), the effect of finite resolution can be seen in these figures as a slight vertical offset between the dashed lines on the left panel and the dots on the right panel. This offset is barely visible, and clearly quite small.
In these figures, all curves sharing the same seed are plotted with the same colour, and all curves plotted dis- Figure 6 . Slices of the dust temperature (K) through the center of the dust envelope in the yz-plane for the realizations of the six random seeds , Cases A-F, as introduced in Figure 1 holding τ * = 10.0, β = −2.00, and q = 1.0 constant. The physical dimensions of the dust envelope were set to establish an inner wall temperature of 1500 K for the parent envelopes, as calculated by DUSTY, and the temperature determination routine has a floor temperature of 0.1 K.
play six values at a given optical depth for the parameter in question, holding β and seed values constant and allowing the amplitude parameter q to vary, which in turn also varies P 2 / P 2 . We see that in many cases the scaling can be approximated as a power law in P 2 / P 2 . We discuss such power-law fits later in the paper.
We observe that in the majority of cases, Φ andR diminish as a function of the contrast clumping factor, while r F increases. The results for Φ and r F are as expected, as the concentration of matter into clumps leaves underdense porous regions in the spaces between them, which allow photons to easily leak through to escape, thus bypassing the locally optically thicker regions established by the clumps. Thus, less force tends to be captured overall, and the capturing which does occur tends towards further out radii. Regarding R, in the limiting case of a spherically symmetric envelope, R = Φ r F L/c, so whether R increases or decreases with the introduction of anisotropies depends on whether Φ or r F scales more strongly and dominates the calculations. A question posed in JM17 is now answered: we see in Figure 9 thatR diminishes with the introduction of clumping.
However, we also observe that in the cases of the realizations from certain seeds, the scaling behaviors behave differently from the manner described above. This is seen particularly prominently in Figures 7 and 8 (Φ and r F ) , especially in Case A (red curves) to a lesser extent in Case C (gold curves). Figure 1 helps us understand why this anomalous behavior occurred. We see that in both cases the clumps are positioned such that much of the inner cavity wall, where the photons first arrive at the dust envelope, abuts these clumps, although much more prominently in Case A. The local increase in optical depth leads to a net increase in force. Although in both cases there are lower-density re- Figure 7 . Left: DUSTY models for Φ for a collection of envelope optical depths τ * from JM17 (solid line) and for this parameter survey (dots). Right: The variation of Φ with the clumping factor, P 2 / P 2 , for all models in the parameter space. All models of the same random seed case are plotted with the same colour. In this and the two following figures, any error due to finite resolution is visible as a vertical offset between dots in the left and right panels.
gions on other sides of the cavity wall, it appears in both cases the particular clump geometry and position has produced a net enhancement in the force capturing, in contrast to the reduction found in the other cases. Returning to Figure 7 , we also note that this effect is most prominent when the parent envelope is optically thin and diminishes as the parent envelope becomes optically thick. This is most likely attributable to high contrast clumps creating locally optically thick regions in the anisotropic envelopes that readily capture photons that would have easily escaped from the thin parent envelopes.
Observing these figures, we also find that R is less sensitive to dependence on the particular realization of the generating seed that the other parameters, as seen in the much narrower dispersion of its curves. This outcome makes sense, as R = Φ r F L/c. As has been established, Φ tends to decrease as anisotropies are introduced, while r F behaves in the opposite manner and tends to increase. Any variations in a particular realization of the effects these anisotropies have on the radiative capturing from the typical result for a given set of properties will then tend to affect these parameters in the opposite directions, so when we consider that they may be considered as factors of R, there is a greater tendency towards these variations largely canceling. Thus the reduced dispersion in solutions for R is reasonable.
We now consider power-law fits of the form Φ =
, and likewise for r F and R. We average these power-law indices (β Φ , β r , and β R , respectively) over random seeds to explore trends with β and τ * . We demonstrate the resulting fitting in Figure 10 for the τ * = 10.0 and β = −2.00 for each force-capturing parameter.
We conducted this procedure for all 35 τ * -β combinations, each of which carried the information for 36 parameter Figure 8 . Left: DUSTY models for r F / for a collection of envelope optical depths τ * from JM17 (solid line) and for this parameter survey (dots). Right: The variation of r F / with the clumping factor, P 2 / P 2 , for all models in the parameter space. All models of the same random seed case are plotted with the same colour. Figure 9 . Left: DUSTY models forR for a collection of envelope optical depths τ * from JM17 (solid line) and for this parameter survey (dots). Right: The variation ofR with the clumping factor, P 2 / P 2 , for all models in the parameter space. All models of the same random seed case are plotted with the same colour. models (varying over 6 seeds and 6 amplitude factors q). We present these results in the form of a contour plots for the power-law fit indexes, shown in Figures 11, 12 , and 13.
We observe that the power-law fit to the scaling of Φ with clumping becomes more negative with increasingly negative β (and thus a larger characteristic size scale of the clumps). This result is reasonable; the larger clumps come alongside larger channels between the clumps, which facilitates the easier escape of photons between these channels. The opposite is true for small scale pores with less negative β values. Figure 10 . For τ * = 10.0 and β = −2.00, an examination of the dependence on the three force-capturing parameters on the clumping factor. The black line represents an overall power-law fit to the data, derived from the average index of the power-law fits for seed Cases A-F.
In the lower-left corner of the figure, where β and τ * have their smallest magnitudes, we also see that there is a regime where the power-law index of fit is a very weakly positive value, rather than a negative value. As discussed previously, Case A and to a lesser extent Case C exhibited a similar behavior in the low τ * regime, enhancing the force capturing rather than diminishing it. However, the remaining seed realizations, Cases B, D, E, and F, behaved in the opposite manner, reducing the force capture as the clumping increased. These opposing sets of values nearly cancel in the averaging, so there is little net effect of clumping in this regime.
We also observe that the index of fit for Φ also becomes more negative (the force diminishes more strongly with increasing clumping) as we move towards larger optical depths in the regime from optically thin envelopes to envelopes of several optical depths. This also makes intuitive sense, as clumping should have no effect in an optically thin envelope, while channeling is important in an optically thick one.
However, we observe a deviation from this trend, with a local minimum in the strength of the scaling (b φ becomes less negative) around τ * = 10.0. This is probably an effect of the optical depth, as the infrared opacity, being an order of magnitude lower than the optical opacity, is about unity in this regime. However we have not ruled out the possibility that resolution effects also play a role; these depend on the resolution of the mean free path, as we discussed in JM17. The anomalous behavior is observed in all three of our force parameters (Figures 11-13) .
Returning to the remaining figures, Figure 12 shows that the scaling of the dimensionless force-averaged radius, r F also intensifies with increasing envelope optical depth over the same regimes as found for Φ; as before, the presence of channels to bypass otherwise thick regimes means that their effect has increased over thin areas. However, in contrast to our above example, we find that the scaling depends much more weakly on the size of the clumps as characterized Figure 11 . Contour plot of the average power-law exponent, b Φ , for the scaling of Φ with the clumping factor, P 2 / P 2 ,varying with both log 10 τ * and β. We indicate the parameter values of our data points with black dots and interpolate the contour lines from these data points. Figure 12 . Contour plot of the average power-law exponent, b r , for the scaling of r F / with the clumping factor, P 2 / P 2 , varying with both log 10 τ * and β. We indicate the parameter values of our data points with black dots and interpolate the contour lines from these data points.
by β. In Figure 13 , we see thatR behaves in a manner very similar to that already described for Φ.
SEDs from the Model Envelopes
We now briefly consider the spectral energy distributions (SEDs) that would be observed from our model dust envelopes. All SEDs presented in this subsection may be scaled as a function of the input stellar luminosity and the distance of the observer from the envelopes; we adopt fiducial values of L = L and d = 10pc. For each model in our parame- Figure 13 . Contour plot of the average power-law exponent, β R for the scaling ofR with the clumping factor, P 2 / P 2 , varying with both log 10 τ * and β. We indicate the parameter values of our data points with black dots and interpolate the contour lines from these data points.
ter space, the SED is calculated for 108 wavelengths and 6 viewing angles.
In Figure 14 , we examine how the SED varies with the clumping factor P 2 / P 2 for three optical depths (log 10 τ * = −0.5, 0.5, 1.5) and for β = −1, −2. The depths presented here are chosen to represent the three key regimes of the radiative transfer problem: the thin regime, the intermediate regime (thick to direct starlight radiation but thin to reprocessed radiation), and the thick regime. As expected, the peak of the SED is shifted to longer wavelengths from reprocessing as we progress from the thin to thick regimes, and the reprocessing feature around 10 µm becomes less distinct in this thick regime, where the initially reprocessed radiation itself undergoes further reprocessing. However, as seen in the right side of the figure, in envelopes with large clumping factors, less reprocessing occurs, as some photons are able to escape through the pores. In turn, more spectral energy is found at these cases closer to the original peak wavelengths, an outcome which intensifies as the clumping factor (and thus also the prominence of the pores between the clumps) increases.
Additionally, we consider in Figure 15 howR varies with the SED slope, log (λF λ [10.2 µm]/λF λ [1.02 µm]), to gain insight regarding what an observer may be able to tell aboutR from observing the SED. The particular wavelengths chosen for this slope in our figure coincide with the closest points on the wavelength grid realized by our Hyperion models to 10 µm and 1 µm. We observe that for optically thin regions, R varies largely independently of the SED slope; while increasing the clumping factor will tend to decreaseR, the SED slope will not vary significantly. This outcome could be anticipated, as the change in the SED slope between points is driven by reprocessing, which is not a dominant process in optically thin regions. However, in contrast, as we progress to the optically thick regions, we find a much greater variation of the SED slope with the clumping factor; this accords Figure 14 . For three selected parent envelope optical depths, log 10 τ * = {−0.5, 0.5, 1.5}, and two values β = {−1.0, 2.0}, λF λ for model SEDS across a range of clumping factors in the fiducial case of a stellar luminosity L = L and a distance from the observer of 10 pc. We organize the data into six bands in the clumping factors, each of equal logarithmic intervals (with a multiplicative factor of ≈ 1.804 across the band). We then darkly shade the region between the 25th and 75th percentiles within each band, and lightly shade and hatch the regions outside this interval. The listed band boundaries in the legend have been rounded to one decimal place.
with our expectations, as well as from our consideration of the SEDs presented in Figure 14 .
Thus, for optically thick regions, examining the SED slope for the region may offer insight into the intensity of the clumping and the radiative virial parameter within that region if the optical depth of the region is known. However, as a key caveat, since this analysis has been conducted for a particular test model geometry and anisotropic variations away from it, the precise outcomes may vary in more complex environments.
Relation to Prior Works
We now take a brief digression to relate our work in this paper to that of prior studies in the field of radiative transfer in clumpy environments. In this paper, we randomly generate a density contrast field spanning over several orders of magnitude and apply this field to an initially power-law density distribution. This contrasts with the popular "two-phase" approximation used in papers such as Wolf et al. (1998) , Városi and Dwek (1999) , and Scicluna and Siebenmorgen (2015) , which in its archetypal form assigns a distinct, single density to the clump regions and another, lower density to the porous regions surrounding them, greatly simplifying the mathematical descriptions of these regions. In addition to the two-phase approximation, some papers further characterize the behavior of radiative transfer in these environments with the mega-grain model, which treats dense clumps like very large dust particles with an associated cross-section for interaction with radiation (Városi and Dwek 1999; Varosi and Dwek 1999) . Other models utilize continuous stochastic Figure 15 . Plot ofR vs. the SED slope from 1-10 µm, calculated from the average of the ratio over six viewing angles, across the parameter space. We label the regimes for each parent envelope optical depth within our space, and assign each its own data marker. The colour of the data point shown indicates the logarithm of the their clumping factor ( P 2 / P 2 ). Points with the same τ * , β, and random seed are connected with a thin line. (Hegmann and Kegel 2003) , fractal (Varosi and Dwek 1999; Watson et al. 2009 ), or simulation-generated (Owocki and Sundqvist 2018) distributions that provide more varied density fields. Our randomly generated density contrast fields are more closely related to this latter set of models.
A key difference our work and that presented in these previous papers is the quantities that are focused upon. Generally speaking, the emphases of the above cited papers has been the determination of an effective optical depth for the modeled regions and/or characterizing the transmission of fluxes or spectral energy distributions through these regions. In contrast, this paper specifically focuses on the effects of the clumping on the radiation pressure forces captured within the volume of the dust envelope. We find that clumping is partly, but not completely, equivalent to a reduction in the overall optical depth.
Conclusions
We begin with our key findings. First, the capture of the radiation force in dust envelopes may be summarized with three integral quantities: a normalized force, Φ, a forceaveraged radius, r F , and a radiative virial term, R. Each of these makes reference to the centre of mass, so radiative forces alone do not suffice to determine them; one must also know the mass distribution. We adopt a constant gas-todust ratio when specifying the CM, but other choices are possible.
Second, as we introduce inhomogeneities into the dust envelope, the parameters Φ, r F , and R will vary as a function of both the strength and scale of the perturbations, as well as the base optical depths of the originating symmetric envelopes. We find that these variations can be approximated as power-law behaviors scaling with the degree of introduced clumping, characterized as P 2 / P 2 , where P is the contrast factor between the inhomogeneous and base states in each cell. Generally, the normalized force Φ diminishes with increasing clumping, as the porous regions formed between the clumps facilitates the leaking of radiation from the envelope. These porous regions also lead to an increase in the force-averaged radius, as the photons that still are captured tend to leak further before this occurs. The radiative virial term, R is proportional to Φ r F and tends to vary like Φ because the variation of r F is generally weaker. However, R is significantly less sensitive to variations in the clumping caused by realizations of our random contrast field.
Third, the sensitivity of our force measures to clumping depends on the physical scale of the clumps as well as the overall optical depth. These scalings are demonstrated in contour plots in Figures 11, 12 , and 13. The scaling tends to be at weakest for all parameters in optically thin envelopes, where most photons would escape regardless of whether or not the clumping was present. In contrast, the scaling tends to increase as we increase the optical depths of the envelopes, as the porous regions introduced alongside the clumping provide bypasses through which the photons may leak.
However, for all three force-capturing parameters studied, a temporary reversal is found in this trend in the region of τ * ∼ 10 before returning to its previous behavior at even larger optical depths. This is probably due to the fact infrared dust radiation is marginally optically thick in this regime, although finite-resolution effects could also be contributing.
The power-law scaling of the force parameters also weakens for small-scale inhomogeneities and strengthens for large-scale inhomogeneities, for Φ and R, while in contrast r F is fairly insensitive to the scale of the clumping for regimes below a few optical depths. Nonetheless, as the scaling remains relatively weak throughout the entire parameter space, strong clumping is necessary to have a major impact on the capture and escape of radiation in the envelope.
We briefly consider the variation of R and the clumping factor with the mid-to-near-infrared SED slope; there is little relation between them in the optically thin regime, but in the thick regime the SED slope may offer insight into the degree of clumping and the virial term R in the envelope. Insofar as our model represents real clumps, infrared radiation provides some information on the force parameters. However we have not considered effects, like outflow channels, that may dominate the emergent SED while also affecting the radiative forces.
In this study, we conducted our radiative transfer for static realizations, and have not considered the dynamical evolution of envelopes. However, we have observed, as demonstrated in Figures 4 and 5 , that while the force captured per cell is higher in clumpy regions, the specific force (acceleration) exerted upon each cell is larger in lowerdensity, porous regions. This observation may become significant in dynamical modeling, where its sets the expectation that the material remaining in the porous space between the clumps will also be the material most strongly accelerated by the radiation forces. In turn, this should contribute to the further evacuation of material from the porous inter-clump regions, either expelling the material or driving it into new clumps. Thus, we may anticipate that the overall degree of clumping in the region should intensify over time, and with it the impact of this on the further capture and escape of photons.
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APPENDIX A: CONTRAST FIELDS
In this subsection, we will outline our procedure for generating our contrast fields, labeled as P(r), which we apply multiplicatively to the parent envelopes to introduce inhomogeneities, yielding a new density field, ρ P (r) = ρ(r)P(r). In all cases, we impose the condition that for a parent envelope of mass M initial , the new asymmetrical envelope produced from the application of the contrast field conserves the original mass, such that ∫ ρ P (r)dV = M initial . We generate P(r) as realizations from a set of random seeds, S, in a procedure taking direction from Lewis and Austin (2002) and an iterative log-normal random density field generator 1 . In this paper, we adopt S = {0, 10, 20, 30, 40, 50} for our seeds, which we shall herein refer to Cases A-F respectively, to initialize the Python random number generator. Once so initialized, we generate an N 3 cell cube of Gaussian random noise with a mean value of µ = 0.0 and σ = 0.01; in this paper, N = 128. This random noise provides the basis for the underlying patterns realized in the contrast field P(r).
We then take a numerical fast Fourier transform of this Gaussian noise, converting it to a wavenumber space. We then also generate a spectrum E for the wavenumber space which we will multiply against this noise. The purpose of this spectrum is to impose a characteristic scale to the physical extent of the clumps produced by the noise; by varying the index given to this spectrum, we can produce smaller or larger clump structures. To this end, we choose a corner of the wavenumber space cube to serve as an origin, then for that corner's octant measure the distance the distance in cell lengths of each cell from that corner as k. We then assign E = k β for all cells in that octant; for this paper, we consider the cases of β = {−1, −1.25, −1.5, −1.75, −2.0}. Next, we reflect these values across axes of symmetry to all other octants of the cube. Afterwards, we set E = 1 at the origin.
After multiplying the noise and the spectrum together, we return the result to real space by performing a numerical inverse Fourier transform upon the cube in wavenumber space. This produces an underlying contrast field, P 0 , which we then operate upon. Particularly, we wish to explore the effects on the radiation transfer when the intensity of the clumping produced by the contrast field is varied, so we multiply P 0 by a set of possible amplitude factors, q = {0.0, 0.2, 0.4, 0.6, 0.8, 1.0}, yielding new fields qP 0 . Then, to roughly approximate a lognormal distribution for the contrasts, we exponentiate the result, transforming the fields to exp (qP 0 ). Finally, we apply a normalization factor to create a final contrast field P where the condition ∫ ρ P (r)dV = M initial is enforced. At this point, the completed contrast field P may be applied to parent envelopes to introduce inhomogeneities in accordance to our spectrum parameter β and the amplitude factor q. Note that in the case of q = 0, exp (qP 0 ) = 1 for all points in the envelope , in which case applying P will simply return the input parent envelope.
APPENDIX B: VIRIAL ANALYSIS FOR INTERNAL MOTIONS
We wish to supply a brief justification for our definition of the radiation virial term R and its relation to a cloud's centre of mass (CM), so we review here a result from elementary mechanics. Let r(dm) be the position vector of a mass element dm in an inertial reference frame, so that dF = r dm is the differential of force. Let r cm be the centre of mass, defined by Mr cm = ∫ r dm (where M = ∫ dm is the cloud mass and all integrals extend over the cloud volume and surface), and letr = r − r cm be the position relative to the cloud CM, so that ∫r dm = 0. The trace of the cloud moment-of-inertia tensor is I = ∫ r 2 dm. The virial theorem (in Lagrangian form: McKee and Zweibel 1992) follows from writing I/2 = ∫ r 2 dm + ∫ r · r dm, then recognizing the former term as twice the kinetic energy, and the latter, ∫ r · dF, as a series of energies and surface terms. Given our definitions,
and therefore I = I cm + Î . The first of these terms can be written I cm = M r 2 cm + r cm · F, which is the virial theorem for the motion of the CM. Defining the internal kinetic energŷ T = 1 2 ∫ r 2 dM, the second term is
in which the final term is zero by virtue of the definition of r. Equations B1 and B2 express the fact that the internal motions of the cloud, which represent structural changes, separate cleanly from the CM motion and obey their own virial theorem in which position relative to the CM is the relevant radial vector.
Like all the other virial terms, the net radiation virial term R = ∫ r · dF rad decomposes into two terms: one that appears in the CM virial theorem for I cm , which is R cm = r cm · F rad ; and another that appears in the internal virial theorem for Î , which iŝ R = ∫r · dF rad .
As we are primarily concerned with the effect of radiation forces on the internal cloud structure, rather than the magnitude of a radiation-driven rocket effect, we omit the hat and refer toR as R in the main text. Finally, we note that forces between cloud elements are governed by Newton's third law, so that their contribution to F is zero and so is their contribution to I cm ; for such forces Î does not depend on the centre-of-mass location. Radiation forces are not in this category, because of the reaction force that can accumulate if radiation is incident from one direction, or preferentially escapes in another. So, for radiation, the internal virial theorem depends on a cloud's CM and thus on its mass distribution. A study like ours must therefore specify the distribution of mass as well as that of opacity, in order to unambiguously defineR. In our calculation of r cm we make the simplifying assumption that dust density traces mass density.
